Theoretical studies indicating the presence of long-lived coherence in the radical pair system have engendered questions about the utilitarian role of sustained coherence in the avian compass. In this manuscript, we investigate this for a realistic multi-nuclear radical pair system, along with the related question of its sensitivity to the geomagnetic field. Firstly, we find that sustenance of long-lived coherence is unlikely in a realistic hyperfine environment. Secondly, probing the role of the hyperfine interactions on the compass sensitivity, we establish the hyperfine anisotropy as an essential parameter for the sensitivity. Thereby, we are able to identify a parameter regime where the compass would exhibit sensitivity even without sustained coherence.
I. INTRODUCTION
Certain biological systems seem to sustain and utilize quantum effects under ambient conditions [1] [2] [3] [4] [5] . They have sparked a lot of interest because understanding their functionality could facilitate the exploitation of quantum effects like coherence and entanglement for technological applications like computing, communication, and sensing. Avian magnetoreception is thought to be one such 'quantum biological' phenomenon in which migratory birds navigate long distances by sensing the geomagnetic field [5] .
Magnetoreception in migratory birds has been investigated through behavioral experiments [6] [7] [8] [9] [10] [11] . These have shown that avian magnetoreception has certain characteristic features, viz. a) photo-initiation by a certain frequency of light [7, 12] , b) dependence on only the inclination of the geomagnetic field [6] , c) disruption by radio-frequency fields of certain frequencies [9, 11, 13, 14] , d) an adaptive selectivity around the local geomagnetic field intensity, also known as the 'functional window' property [8, 10] . Two hypotheses were proposed to explain these behavioral characteristics, namely the magnetite particle model and the radical pair (RP) model. The magnetite hypothesis suggests the geomagnetic field is sensed by magnetite particles acting as 'compass needles', while the RP model proposes a chemical compass, wherein the geomagnetic field influences the spin dynamics of a pair of photo-generated radicals in the bird's retina. The evidence from the behavioral experiments [4, 9, 15] seems to strongly favor the RP model. This model involves the formation of a pair of radicals by a photon of appropriate frequency, with each radical having an unpaired electron. The spin of the electron pair on these radicals interact with their local hyperfine environment along with the local geomagnetic (Zeeman) field before the radicals recombine back. These interactions cause the initial state of the radical pair to evolve before recombination. Under this evolution, the electron spins * sganguly@ee.iitb.ac.in might undergo decoherence either due to environmental noise or hyperfine interaction with the nearby nuclear spins [16] . The chemical product after the recombination depends on the spin state of the radicals just before recombination, thus yielding two distinguishable products after recombination, namely a singlet product and a triplet product resulting from the singlet and triplet radical pair precursors respectively. These ratio of the recombination products contains information about the local geomagnetic field inclination, which is decoded by the avian neural system and used to aid navigation.
The RP model has been considerably successful in explaining most of behavioral characteristics of avian compass [4, 5, [17] [18] [19] . However, there are two important aspects of the spin dynamics of radical pair that have not been examined rigorously till date, namely: a) Are quantum effects like coherence and entanglement sustained in this system under biological conditions? b) If so, do they play an utilitarian role? Gauger et al. calculated the radical pair lifetime (coherence time) in order for the single-nucleus radical pair mechanism to be sensitive to the geomagnetic field and concluded the spin superposition needs to be sustained for tens of microseconds [5] . They also studied the entanglement dynamics in the RP system. Bandyopadhyay et al. strengthened these claims and reported that the candidate molecule responsible for the generation of radical pairs (cryptochrome) too has the lifetime of the same order [5, 17] . Further, Cai and Plenio analyzed the chemical compass based on its analogy with the quantum interferometer and analyzed the global coherence (coherence of the electron pair + nuclei system) for a large sample set of radical pair systems and concluded that the coherence is a resource for the system [20] . However, the role of electron pair coherence (termed as local coherence by them) is meager as compared to the global coherence [20] . Their result seems to make the case that statistically global coherence might be enhancing the sensitivity of the compass. Kominis and co-workers too suggested along the similar lines that coherence is indeed a resource for the avian compass [21] . Further work on the radical pair mechanism analyzed the role played by the nuclear hyperfine interaction in the arXiv:1712.04623v2 [quant-ph] 22 May 2018 magnetoreception [4, 16, [22] [23] [24] [25] . It concluded that the anisotropy in the nuclear hyperfine interaction is indispensable [16, 23, 24, 26, 27] for the compass operation. Now, most of the RP studies have considered either one or two nuclei for hyperfine interaction [4, 5, 17, 24, [28] [29] [30] [31] . RP studies with realistic number of nuclei in the hyperfine environment are limited [26, [32] [33] [34] [35] . Moreover, the exact role of electronic coherence and possible interplay between coherence and compass parameters in a multinuclei RP system is still unclear.
In this work, we investigate the role of coherence in avian magnetoreception by examining coherence dynamics for realistic compass parameters and relate it with the sensitivity of the compass. We relate the isotropy of the interactions and size of the nuclear spin space with the coherence of the compass. Additionally, we identify the compass parameter regime where its sensitivity is maximal and wherein the compass is therefore mostly likely to operate. We analyze the coherence dynamics for this parameter regime in order to understand the utility of coherence in the compass operation.
II. FORMALISM OF THE RADICAL-PAIR MODEL
The RP model captures the spin dynamics of the photo-generated radical pair interacting with the local geomagnetic field via the Zeeman interaction and with neighboring nuclei via the hyperfine interaction. It has been well studied for cases of either one or two nuclei interacting with electronic spins via hyperfine interaction [4, 5, 17, 19, 23, 24, [28] [29] [30] [31] . However, the cryptochrome protein based RP system, widely believed to be the actual protein responsible for radical pairs in the avian compass, can have multiple nuclear spins interacting with the radical pair via the hyperfine environment [4, 36] . Studies on the realistic RP system are few [26, [32] [33] [34] [35] . In this work, we investigate the multinuclei RP system. For an RP system [A + B − ], the Hamiltonian looks like:
where C ∈ {A, B} and B = Bcosθẑ + Bsinθcosφx + Bsinθsinφŷ in Cartesian coordinates. ω 0 denotes Larmor frequency, a Cj denotes hyperfine vector, andÎ Cj denotes the nuclear spin of nucleus j coupled to the electron in the radical C. For simplicity, we assume both dipoledipole and exchange interactions are negligible. The initial state of the radical pair is singlet state (|S ) as both the radicals originate from a single molecule. After the formation of the radical pair, the ensuing evolution induces transitions between the singlet and triplet states.
The compass operation is examined using the so-called singlet yield which is the fraction of the final chemical products coming from the singlet radical pairs after recombination. The Haberkorn model is employed to capture the entire dynamics [37] . In this model, the singlet yield as a function of time is given as:
where ρ S (t) is the fraction of singlet state at time t and k S denotes recombination rate through the singlet channel [5, 16] . Fraction of singlet state at time t (ρ S (t)) is given by the following:
whereQ S is the singlet projection operator, given as:
is the size of nuclear spin space around radical i. Thus N is the total size of the spin space of all nuclear spins interacting with electronic spins via hyperfine interaction. The evolution of the radical pair density matrix may be obtained from a phenomenological master equation which models the recombination of the singlet and triplet radical pairs as anti-commutator terms. The equation goes as:
where k S and k T are the recombination rates corresponding to the singlet and triplet radical pairs. For the popular choice of k S = k T = k, the equation can further simplifies to:
We see that the time evolution of the density matrix here may be written simply as:
Thus, the density matrix time evolution is unitary Hamiltonian evolution multiplied by an exponential decay term. Substituting the initial density matrix of the radical pair (singlet state) in the above equation, we have:
FIG. 1: (Color online)
A multi-nuclei radical pair system where electron on each radical is coupled to multiple nuclei. Here, the red curl denotes correlation between the electron spins and the black curls denote hyperfine interactions between the electrons and nuclei. Now noting that the Hamiltonians of the two radicals (Ĥ A andĤ B ) commute in the absence of inter-radical spin interactions, the above equation transforms as:
We will use Eq. (7) to calculate the dynamics of the electron spins in the next section. Moreover one should note that the effective evolution space has been reduced to the the individual radical Hilbert spaces, thereby reducing the computational complexity. This property will be useful in calculating the density matrix evolution involving more than one nuclear spin. By substituting this ρ(t) in Eq. 3, the singlet population (ρ S (t)) turns out to be:
where,
The singlet yield can now be calculated using Eq. (2). This gives us the following closed form expression for the singlet yield [38] :
Henceforth, it is this expression that will be used to calculate the singlet yield.
III. RESULTS
In order to elucidate the functioning of the compass, we investigate the dynamics of the singlet yield (i.e. the total population decay via the singlet channel) of the compass. The singlet yield is calculated using Eq. 10, as derived in section II. To probe its directionality, we define the sensitivity of the compass as the difference between the maximum and minimum of the singlet yields with respect to the geomagnetic field inclination [17] :
Thus, the sensitivity quantifies the directional dependence of the avian magnetoreception process and is a measure of the compass action itself. We explore the sensitivities for various regimes of hyperfine interaction parameters and number of nuclei coupled to the individual electron spins in a radical pair. Additionally, in order to quantify the coherence in the system, we use the 'relative entropy of coherence' as a measure of coherence [39] . It is defined as:
where ρ is the density matrix of the system and ρ diag is the density matrix without the off-diagonal terms. S(ρ) denotes von Neumann entropy of the system and is given by −T r(ρln(ρ)). The Von Neumann entropy is zero for a pure state and has a maximum value of ln(d) for a maximally mixed state where d is the dimension of the spin Hilbert space. The difference of the two von Neumann entropies is a measure of off-diagonal terms and physically corresponds to the coherence [39] . In order to investigate the utilitarian role of coherence in the functioning of the avian compass, we study the coherence dynamics for a multi-nuclei radical pair system and correlate it with the sensitivity of the compass. We consider the cryptochrome based [F AD .− − T rp .+ ] radical pair which is widely believed to be the system involved in avian magnetoreception [34] . In our calculations, we have considered the n − n radical pair system with n = 1, 2, 3. These systems avoid the shortcomings of the single-nucleus radical pair systems and capture the essential spin dynamics of the realistic multi-nuclei radical pair systems thus allowing us to make predictions about the cryptochrome based actual radical pair system that might have as much as 14 nuclei interacting with both the radicals [35] . The hyperfine parameter values taken for the calculations are given in Table I .
We observe from our calculations that the coherence decays due to population decay and interactions with the coupled nuclear spins. The effect of these factors is captured in Eq.(13) where the exponential factor describes the population decay and the other term models the evolution due to hyperfine and Zeeman interactions.
Population decay
FIG. 2: (Color online) (a) Electronic coherence (C(ρ))
of the radical pair system as a function of time (τ ) for θ = 0 when multiple nuclei are coupled to the radical pair via hyperfine interaction. C(ρ) is the relative entropy of coherence and is a quantifier of electronic coherence in the system. The plot describes the coherence dynamics of the system for 2, 4 and 6 nuclei interacting with the radical pair with recombination rates (k S = k T ) of 10
The singlet yield as a function of geomagnetic field inclination for the aforementioned radical pair systems. For these plots, the hyperfine coupling strengths are given in Table I .
The coherence decay due to nuclear interactions further depends on two factors: i) number of the nuclei interacting with the radical pair, ii) isotropy of the hyperfine interaction tensor. We analyze their effects separately in the following manner. The initial state (at t = 0) of the radical pair is the coherent singlet state. First, in order to investigate the effect of number of nuclei on electronic coherence, we plot the coherence (as quantified by Eq. 12) dynamics of the radical pair system with 2, 4, and 6 nuclei interacting with the radicals (1,2 and 3 nuclei interacting with each radical) for the hyperfine tensor of (a x , a y , a z ) from the Table I .+ each as mentioned in the Table I . Similarly four and six nuclear spin system includes contributions from the first two and first three nuclear spins of F AD .− and T rpH .+ radicals as mentioned in the Table I . The figure clearly demonstrates that as the number of nuclei are increased from 2 to 6, the coherence vanishes very fast and singlet yield flattens, thereby decreasing the compass sensitivity. This is expected because more nuclei amounts to a bigger bath interacting with the radical pair spin, hence causing it to decohere fast. This makes it unlikely for coherence to be sustained in the case of recent calculations done with a total of 14 nuclear spins coupled to the radical pair [35] as these calculations included the same couplings we took into account for our calculations.
Second, in order to observe the effect of isotropy of hyperfine tensor on electronic coherence of the radical pair system, we calculate the coherence dynamics for θ = 0 (See Appendix B for variation of coherence dynamics with θ) and singlet yields for a 3-3 radical pair system for different values of the transverse hyperfine constants. In these calculations, we consider a case where the electron on each radical is coupled with three nuclear spins. In order to simplify the interpretation, we calculate the dynamics of the radical pair assuming all three hyperfine interaction strengths to be equal. We take the axial hyperfine constant (a z =1.0812 mT ) of N1 of T rp .+ and vary the transverse components (a x and a y ) from 0 to 0.17 mT. The results are presented in Fig. 3 . As is clear from Fig. 3 (a) , the coherence is sustained for a completely anisotropic hyperfine constant (a x = a y = 0) and starts deteriorating as we increase the isotropy of the hyperfine tensor (by increasing the values of a x and a y ). The coherence decays precipitously for a x = a y = 0.17 mT and beyond. Now, we attempt to further clarify the effect of the hyperfine isotropy on coherence. Our starting point is the radical pair Hamiltonian (Eq. (1)):
For these calculations, we assume φ = 0. For θ = 0 and completely anisotropic hyperfine coupling(a Cjx , a Cjy = 0), the total Hamiltonian can be written as:
Note that in this case the nuclear spin space can be uncoupled from electron spin space for θ = 0. Hence, this case of completely anisotropic hyperfine coupling, viz.
(a Cjx , a Cjy = 0), only leads to an effective field and no decoherence due to the nuclear environment, thereby sustaining coherence for θ = 0 irrespective of the number of nuclei coupled to the electron pair. This result can be approximated to all the angles provided γB is much smaller than the anisotropic hyperfine coupling with the nuclear spins (a z in this case) which is the case when we consider realistic couplings, as given in the Table I . Interestingly, from Fig. 3 , we notice that the sensitivity (shown in Fig. 3 (b) inset) does not decay with an increase in the isotropy of the hyperfine tensor. On the other hand, the singlet yield develops a sharp dip at θ = 90 deg (termed as "compass needle" in an earlier work [35] ) thus increasing the sensitivity of the compass. This enhancement of compass sensitivity as the transverse hyperfine components are increased and attain a maximum (See Fig. 3 inset) , leads to the sharpest needle formation [35] . However, this needle vanishes as we increase the transverse hyperfine components further, thus leading to a decline in sensitivities. This concavity of the sensitivity in contrast to the decaying coherence provides a hint on how compass sensitivity might endure despite low coherence in the RP system; in other words, the avian compass need not have sustained coherence in order to be sensitive to the geomagnetic field. This seems to stand in contrast to a few earlier claims [5, 35] .
Therefore we now move on to explore the compass parameter space in terms of both the longitudinal and axial hyperfine parameters; specifically the regime where it is most sensitive to the geomagnetic field and examine the coherence dynamics there. To that end, we plot the difference between singlet yields at θ = 0 o and θ = 90 o as a function of both axial and transverse hyperfine couplings for a radical pair system similar to our previous calculation with three nuclei coupled to each electron spin, cf. Fig. 3 . The results are shown in Fig. 4 . Here we observe that the compass does not have high sensitivity for a completely anisotropic hyperfine tensor where the coherence is maximal. Neither does it have the best sensitivity for an isotropic hyperfine tensor where the coherence does not persist at all. The sensitivity maxima is achieved for a disk-shaped hyperfine tensor (a z a x = a x = 0) which directly corroborates our earlier work [19] ; note that this happens to be a regime where the coherence is not sustained. This may be seen from the coherence dynamics of electron spins, plotted in Fig. 4 (b) where one can clearly observe that the coherence is not sustained for the parameter regime where the sensitivity is highest due to the needle in the singlet yield. This hints at the possibility that the avian compass may not be a system with quantum coherence after all. Lastly, we calculate the effect of varying the radical pair recombination rates (k S and k T ) on coherence dynamics and sensitivity of the avian compass. The results are shown in Fig. 5 where we plot the coherence dynamics and singlet yields for different rate constants. The compass coherence dynamics is plotted for the recombination rates of k S = k T = 10 4 , 10 5 and 10 6 . As is evident from the figure, the coherence is suppressed as the recombination rates are increased. This is also accompanied by a drop in the compass sensitivity, as shown in Fig. 5 (b) . The needle in the singlet yield disappears for higher values of the recombination rates, and thereby causing the sensitivity to drop. It may be noted that in the context of this figure, all the nuclear spins have been considered identical for the calculation of the singlet yields and the coherence dynamics.
IV. DISCUSSION AND CONCLUSION
In summary, we have presented a formalism for calculating the coherence dynamics and singlet yields for a multi-nuclear radical pair model. We would like to point out here that our analysis is limited to a radical pair model comprising 6 nuclei, while the real system based on the cryptochrome protein comprises even more. While we are able to capture the essential coherence dynamics of a realistic radical pair system, our conclusions would bear verification by calculations on the full cryptochrome based system. Our analysis of the coherence dynamics for a range of hyperfine and recombination rate parameters lets us identify the parameter regime where the avian compass would be maximally sensitive to the local geomagnetic field. Here the singlet yield as a function of the field inclination takes on a peculiar needle-like characteristic. Our calculations show that, for this optimal set of parameters, the compass can have high sensitivity despite low coherence. This leaves us with a basic question about the nature of the avian compass: is it truly governed by quantum coherence? Or have its parameters evolved over millenia just to make the radical pair spin dynamics most sensitive to field inclination? We suggest that the actual compass parameters need to be deduced from more in-vivo or in-vitro experiments on migratory avian species; comparison with the parameters presented here could help to fully clarify the role of coherence and the physical origin of the needle-like sensitivity characteristic.
